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Abstract
In this paper we prove that for a compact space X inclusion Pf (X) ∈ ANR holds if
and only if X ∈ ANR. Further, it is shown that the functor Pf preserves property of a
compact to be Q-manifold or a Hilbert cube, properties of maps fibres to be ANR-compact,
Q-manifold, Hilbert cube (the finite of Hilbert cube).
Keywords: probability measure, compact Hausdorff space (compact), retract, AR-
space, ANR-space.
Creation of the general theory of infinite-dimensional manifolds has increased interest in
infinite-dimensional objects existing in ‘nature’. The functor P , transforming arbitrary compact
to convex subsets of local convex spaces, supplies such objects. Among other covariant functors
the functor P distinguishes with the fact that investigation of probability measures is conducted
on a joint at least of three mathematical disciplines: topology, functional analysis and probability
theory. What explains a variety of the applied methods and great opportunities for applications
of the received results.
In work [1] the subfunctor Pf of the functor P of probability measures was entered. For a
compact X the set Pf (X) consists of probability measures with finite support, and if the support
of a measure µ consists of n points x1, x2..., xn, the barycenter mass of one of these points isn’t
less than 1− 1
n+1 . This functor is interesting that it is a functor with the finite support, and has
no final degree. Functor Pf : Comp→ Comp is a normal subfunctor of functor P of probability
measures. Earlier in works [2-5] functor Pf it has been investigated. In the present work we
state strict proofs of the received results.
From definition of elements of the space Pf (X) follows that a set δ(X) of Dirac measures
lies in Pf (X).
Let X and Y be two compacts lying in spaces M and N respectively, where M,N ∈ AR.
A sequence of maps fk : M → N , k = 1, 2, ..., is called to be fundamental sequence from X
into Y , if for each neighbourhood V of the compact Y (in N) there is such neighbourhood U of
the compact X (in M), that fk|U = fk+1|U at V almost for all k. It means that there is such
homotopy fk : U × [0, 1] → V , that fk(x, 0) = fk(x) and fk+1(x, 1) = fk+1(x) for all x ∈ U .
We will denote this fundamental sequence through {fk,X, Y } or shortly through f , also we will
write f : X → Y .
A fundamental sequence f = {fk,X, Y } is generated by map f : X → Y if fk(x) = f(x) for
all x ∈ X and for all k = 1, 2, ....
Spaces X and Y are fundamentally equivalent if there are such two fundamental sequences
f : X → Y and g : Y → X that gf = idX and fg = idY .
The relation of fundamental equivalence is the equivalence relation therefore the class of
all spaces decomposes to in pairwise disjoint classes of spaces which are called shape. So two
spaces belong to the same shape if and only if when they are fundamentally equivalent. A shape
containing a space X is called [6] a shape of the space X and denote by Sh(X). It is known
that for two neighbourhood retracts A and B the equality Sh(A) = Sh(B) is true if and only if
when they are homotopically equivalent.
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Let’s remind that maps f : X → Y is called cellularity-similar (briefly CE) [7], if any
compact A ⊂ Y preimage f−1(A) is a compact and for each point y ∈ Y preimage f−1(y) has
shape points (i. e. a preimage f−1(y) is homotopically equivalent to a point).
If r : X → F is a retraction and there also exists such a homotopy h : X × [0, 1] → F that
h(x, 0) = x, h(x, 1) = r(x) for all x ∈ X then r is deformation retraction, and F is deformation
retract of the space X. Deformation retraction r : X → F is strongly deformation retraction if
for a homotopy h : X × [0, 1]→ F we have h(x, t) = x for all x ∈ F and all t ∈ [0, 1] [6].
µ =
n⊕
i=1
λi ⊙ δxi ∈ If (X). Let λi0 = 0 > −ln(n + 1). Measure µ puts in correspondence a
point δxi0 of a compact δ(X). The obtained correspondence If (X)→ δ(X) denote by r
I(X)
δ(X) .
Take arbitrary measure µ ∈ Pf (X), µ =
n∑
i=1
miδxi . Let mi0 ≥ 1 −
1
n+1 . Measure µ assign a
point δxi0 of the compact δ(X). The obtained correspondence r
Pf (X)
δ(X) : Pf (X) → δ(X) denote
by rfδ .
Theorem 1. For any compact X a map rfδ : Pf (X)→ δ(X) is continuous, open, cellularity-
similar (all fibres are collapsible) retraction.
Proof. By construction we have
(
rfδ
)−1
(δz) ∩
(
rfδ
)−1
(δy) = ∅ for every pair y, z ∈ X,
y 6= z. Therefore the map rfδ : Pf (X) → δ(X) is defined correctly. It is clear that r
f
δ (δx) = δx
for each x ∈ X, i. e. every point of the space δ(X) is fixed-point according to the map
rfδ : Pf (X)→ δ(X). So, we establish that r
f
δ is retraction.
It is clear, that for each point x ∈ X the fibre
(
rfδ
)−1
(δx) is compact. On the other hand
for each point µ ∈
(
rfδ
)−1
(δx) an interval [µ, δx] = {αδx+(1−α)µ : 0 ≤ α ≤ 1} lies in the fibre(
rfδ
)−1
(δx).
Fix a fibre
(
rfδ
)−1
(δx) and define a map h :
(
rfδ
)−1
(δx)× [0, 1] →
(
rfδ
)−1
(δx) by the rule
h(µ, t) = (1− t)δx + tµ,
where µ =
n∑
i=1
miδi ∈
(
rfδ
)−1
(δx) t ∈ [0, 1].
h , h1 = id(
r
I(X)
δ(X)
)
−1
(δx)
h0 =
(
r
I(X)
δ(X)
)−1
(δx)→ {δx}.
It is easy to see that h is a homotopy, connecting stationary map h0 :
(
rfδ
)−1
(δx) → {δx}
and identity mapping h1 = id(
r
f
δ
)
−1
(δx)
.
So each pre-image
(
rfδ
)−1
(δx), x ∈ X, has shape of a point, i. e. a retraction r
f
δ is
cellularity-similar. Moreover, these pre-images subtend to a point.
We will show a map rfδ : Pf (X) → δ(X) is continuous. Note that at variation of measures
µ0 ∈ P (X), of finite collections {U1, ..., Un} co-zero (respectively, open) sets Ui of the space
(respectively, of the compact) X and of numbers ε > 0, a family of sets of the view
〈µ0;U1, ..., Un; ε〉 = {µ ∈ P (X) : µ(Ui)− µ0(Ui) > −ε, i = 1, ..., n}
forms [8] a base of the weak convergence topology of the space P (X).
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It is clear that rfδ (〈δx;U1, ..., Un; ε〉 ∩ δ(X)) = 〈δx;U1, ..., Un; ε〉 ∩ δ(X), i. e. r
f
δ |δ(X) is open
map. That is why, further we will consider measures which support consists not less than two
points and also without losing generality, we will suppose ε < 13 .
Let µ0 =
k∑
i=1
m0iδxi ∈ Pf (X), m0i0 ≥ 1 −
1
k+1 , r
f
δ (µ0) = δxi0 , and V be an open set such
that rfδ (µ0) ∈ 〈V 〉 = {δx : δx(V ) > 0}. Consider a (subbase’s) neighbourhood
〈µ0;V ; ε〉 = {µ ∈ P (X) : µ(V )− µ0(V ) > −ε} ∩ Pf (X)
of the measure µ0 where 0 < ε <
1
3 .
Let µ =
l∑
i=1
miδxi ∈ 〈µ0;V ; ε〉. On construction mi′ ≥ 1 −
1
l+1 for some i
′. It is evident
that µ(V ) ≥ mi′ ≥ 1 −
1
l+1 if and only if xi′ ∈ V . At xi′ /∈ V one has µ(V ) ≤
1
l+1 , and hence,
µ(V ) − µ0(V ) ≤
1
l+1 −
k
k+1 ≤ −
1
3 < −ε, contrary to µ ∈ 〈µ0;V ; ε〉. Whence it follows that
xi′ ∈ V i. e. r
f
δ (µ) = δxi′ ∈ 〈V 〉. In other words, we establish that r
f
δ (〈µ0;V ; ε〉) ⊂ 〈V 〉. Thus
the map rfδ is continuous.
Further, we will show that rfδ (〈µ0;V ; ε〉) = 〈V 〉 = {δx : δx(V ) > 0}. For arbitrary point x ∈
V we will construct a measure µx as follows: µx = m0i0δx+
k∑
i=1,
i 6=i0
m0iδxi . Then µ0(V )−µx(V ) = 0,
and hence µx ∈ 〈µ0;V ; ε〉 for any ε > 0. In other words for each δx ∈ 〈V 〉 we have established
that (rfδ )
−1(δx) ∩ 〈µ0;V ; ε〉 6= ∅. Whence it follows that r
f
δ (〈µ0;V ; ε〉) = 〈V 〉. Thus, the image
rfδ (〈µ0;V ; ε〉) of open in Pf (X) set 〈µ0;V ; ε〉 is open in δ(X). Theorem 1 is proved.
Proposition 1. For a compact X subspace δ(X) is strongly deformation retract of the
compact Pf (X).
Proof. Consider a map h : Pf (X) × [0, 1]→ Pf (X), defined by a formula
h(µ, t) = ht(µ) = (1− t) · µ+ t · r
f
δ (µ), (µ, t) ∈ Pf (X) × [0, 1].
It easy to check that the map h is defined correctly. Moreover h0 = idPf (X) and h1 = r
f
δ , i. e.
h is a homotopy, connecting the maps idPf (X) and r
f
δ . Else we have
h(δx, t) = (1− t) · δx + t · r
f
δ (δx) = (1− t) · δx + t · δx = δx,
i. e. ht(δx) = δx for all δx ∈ δ(X) and t ∈ [0, 1]. Thus, δ(X) is strongly deformation retract of
the compact Pf (X). Proposition 1 is proved.
Proposition 2. For any finite compact X the set Pf (X) is neighbourhood retract of the
compact P (X).
Proof. For each Dirac measure δx, x ∈ X, we will construct neighbourhood
〈δx;
1
2
〉 =
{
µ ∈ P (X) : µ(U) >
1
2
for each open set U containing x
}
,
and consider a set
⋃
x∈X
〈δx;
1
2 〉 which is open in P (X). It is obviously that Pf (X) ⊂
⋃
x∈X
〈δx;
1
2 〉.
Besides, 〈δx;
1
2 〉 ∩ 〈δy;
1
2 〉 = ∅ at x 6= y. Really, let x 6= y and µ ∈ 〈δx;
1
2 〉 ∩ 〈δy;
1
2 〉. Then
µ(U) > 12 and µ(V ) >
1
2 for all open sets U ∋ x and V ∋ y. In particular, for any pair of disjoint
open sets U and V containing x and y, respectively, we have µ(U) > 12 and µ(V ) >
1
2 . Hence,
3
µ(X) ≥ µ(U ∪ V ) = µ(U) +µ(V ) > 12 +
1
2 = 1 contrary to µ ∈ P (X). Thus 〈δx;
1
2〉 ∩ 〈δy;
1
2〉 = ∅
at x 6= y.
We will show that Pf (X) is retract of the open set
⋃
x∈X
〈δx;
1
2〉. If ν ∈
⋃
x∈X
〈δx;
1
2〉, where
ν =
n∑
i=1
niδxi ,
n∑
i=1
ni = 1, ni ≥ 0, i = 1, ..., n, then it is obvious that ni0 >
1
2 for some (a unique)
i0, and hence r
f
δ (ν) = δxi0 .
Determine a map r :
⋃
x∈X
〈δx;U ;
1
2〉 → Pf (X) by the rule
r(ν) =


n
n+1 · δxi0 +
n∑
i=1,
i 6=i0
ni
(n+1)(1−ni0 )
δxi , at ni0 <
n
n+1 ;
n∑
i=1
niδxi , at ni0 >
n
n+1 .
The map r is correctly defined. It is continuous. Besides r(µ) = µ for any measure µ ∈ Pf (X).
Thus, the map r is retraction. Proposition 2 proved.
Remind [7] that a set A ⊂ X is called to be collapsible by space X to a set B ⊂ X if
embedding map iA : A → X is homotopic to some map f : A → X such that f(A) ⊂ B. If B
consists of one point, they say that A is collapsible by X.
It is clear, if there is a homotopy h : A × I → A, such that h(y, 0) = iA, and h(y, 1) =
{a point} then A collapsible by X.
A space X is called to be locally collapsible to a point x0 ∈ X if any neighbourhood U of
the point x0 contains a neighbourhood U0 such, that collapsible to a point by U . A space X is
called to be locally collapsible if it is locally collapsible to each its point.
Theorem 2. Functor Pf preserves collapsibility of compacts, i. e. if X is a collapsible
compact then Pf (X) is also collapsible compact.
Proof. We will show more: the functor Pf preserves homotopy of maps. Let h0, h1 :
X → Y be homotopic maps, h : X × [0, 1] → Y be a homotopy connecting maps h0, h1,
i. e. h(x, 0) = h0(x), h(x, 1) = h1(x). An embedding it0 : X × {t0} → X × I, defined by
equality it0(x) = (x, t0), x ∈ X, generates an embedding Pf (it0) : Pf (X × {t0}) → Pf (X × I).
But for every t0 ∈ [0, 1] a space Pf (X × {t0}) naturally homeomorphic to Pf (X) × {t0}. This
homeomorphism one can carry out, as it is easy to see, by means of correspondence µt0 ↔ (µ, t0),
where µt0 =
n∑
i=1
miδ(xi,t0) ∈ Pf (X × {t0}) and µ =
n∑
i=1
miδxi ∈ Pf (X).
Now, determine a map Pf (h) : Pf (X)× [0, 1]→ Pf (Y ) by equality
Pf (h)
(
n∑
i=1
miδxi , t
)
=
n∑
i=1
miδh(xi,t).
We have
Pf (h)
(
n∑
i=1
miδxi , 0
)
=
n∑
i=1
miδh(xi,0) =
n∑
i=1
miδh0(xi) = Pf (h0)
(
n∑
i=1
miδxi
)
,
Pf (h)
(
n∑
i=1
miδxi , 1
)
=
n∑
i=1
miδh(xi,1) =
n∑
i=1
miδh1(xi) = Pf (h1)
(
n∑
i=1
miδxi
)
,
i. e. Pf (h)(µ, 0) = Pf (h0)(µ) and Pf (h)(µ, 1) = Pf (h1)(µ) for any µ ∈ Pf (X). In other words
Pf (h) is homotopy connecting maps Pf (h0) and Pf (h1). Thus, functor Pf preserves homotopy
of maps. Theorem 2 proved.
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Lemma 1. For a compact X the set Pf (X) is the neighbourhood retract of the space Pω(X).
Proof. Construct the following subsets
P δ
2
(X) =
{
1
2
δx +
1
2
δy : x, y ∈ X,x 6= y
}
⊂ P2(X),
Pω
2
(X) =
{
n∑
i=1
miµi : µi ∈ P δ
2
(X);
n∑
i=1
mi = 1,mi ≥ 0
}
⊂ Pω(X).
Claim 1. X the set P δ
2
(X) is compact.
Proof. Let ξ = θδx + (1 − θ)δy ∈
[
P δ
2
(X)
]
P2(X)
, 0 < θ < 1. Then there exists a net{
ξα =
1
2δxα +
1
2δyα
}
⊂ P δ
2
(X) converging to ξ according to weak convergence topology , i. e.
ξα(ϕ) −−→
α
ξ(ϕ) for all function ϕ ∈ C(X). Since x 6= y and X is Hausdorff space, there exist
neighbourhoods Ox and Oy such that Ox ∩ Oy = ∅. That is why without losing generality
one can suppose that {xα} ⊂ Ox and {yα} ⊂ Oy. Consider a function ϕ ∈ C(X) such that
ϕ(x) = ϕ(xα) = 1 and ϕ(y) = ϕ(yα) = 0 at all α. For each ε > 0 there exists α(ε) such that
|(ξ − ξα)(ϕ)| < ε at all α ≻ α(ε). It follows that∣∣∣∣
(
θδx + (1− θ)δy −
1
2
δxα −
1
2
δyα
)
(ϕ)
∣∣∣∣ =
∣∣∣∣θ − 12
∣∣∣∣ < ε.
Since ε is arbitrary and the right part of the last equality does not from α we obtain equality
θ = 12 . Hence ξ =
1
2δx +
1
2δy ∈ P δ
2
(X). It follows that
[
P δ
2
(X)
]
P2(X)
⊂ P δ
2
(X), i. e. P δ
2
(X) is
closed in P2(X) = {µ ∈ P (X) : |suppµ| ≤ 2}. Then P δ
2
(X) is compact by virtue of compactness
of P2(X). Claim 1 is proved.
Claim 2. The set Pω
2
(X) is closed in Pω(X).
Proof. Let µ =
∑s
k=1mkδxk ∈
[
Pω
2
(X)
]
Pω(X)
, and {µα} ⊂ Pω
2
(X) be a net converging
to µ according to weak convergence topology, i. e. µα(ϕ) → µ(ϕ) for all function ϕ ∈ C(X).
Let µα =
sα∑
j=1
mαklj
(
1
2δxαkj +
1
2δxαlj
)
, where {xαkj} ⊂ X is a net convergence to xk in topology of
space X; here k, l ∈ {1, ..., s}, mαklj = m
α
lkj, x
α
kj 6= x
α
lj at k 6= l (note that to the same point
xk can converge several nets, for examples, x
α
kj1
−→αxk, x
α
kj2
−→αxk, and so on; and also, can
it happens that a net is stationary). Since xk 6= xl at k 6= l and X is Hausdorff space then
there exist neighbourhoods Oxk of points xk, k = 1, ..., s, such that Oxk ∩ Oxl = ∅ at k 6= l.
Therefore without losing generality one can take that
{
xαkj
}
α
⊂ Oxk, k = 1, ..., s, j ∈ {1, ..., sα}.
We have µα =
sα∑
j=1
mαklj
(
1
2δxαkj +
1
2δxαlj
)
=
s∑
k=1
∑
l
mα
klj
2 δxαkj . Consider a function ϕ ∈ C(X), such
that ϕ(xk) = ϕ
(
xαkj
)
= sign
(
mk −
∑
j,l
mα
klj
2
)
at all α. Here k = 1, ..., s, j ∈ {1, ..., sα}. For
each ε > 0 there exists α(ε) such that
|(µ − µα)(ϕ)| =
∣∣∣∣∣∣∣

 s∑
k=1
mkδxk −
s∑
k=1
∑
j,l
mαklj
2
δxα
kj

 (ϕ)
∣∣∣∣∣∣∣ =
5
∣∣∣∣∣∣∣
s∑
k=1
mkϕ(xk)−
s∑
k=1
∑
j,l
mαklj
2
ϕ
(
xαkj
)
∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
s∑
k=1

mk −
∑
j,l
mαklj
2

ϕ (xk)
∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣
s∑
k=1
∣∣∣∣∣∣∣mk −
∑
j,l
mαklj
2
∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ =
s∑
k=1
∣∣∣∣∣mk −
∑
j,lm
α
klj
2
∣∣∣∣∣ < ε
at α ≻ α(ε). That means, mk = lim
α
∑
j,l
mα
klj
2 . Suppose limα
mαklj = mklj, mkl =
∑
j
mklj. Then
mk =
∑
l
mkl
2 . Hence,
µ =
s∑
k=1
mkδxk =
s∑
k=1
∑
l
mkl
2
δxk =
∑
k,l
mkl
(
1
2
δxk +
1
2
δxl
)
,
i. e. µ ∈ Pω
2
(X). Thus, Pω
2
(X) is closed in Pω(X). Claim 2 is proved.
Claim 3. Let µ =
s∑
i=1
miδxi ∈ Pω(X). Inclusion µ ∈ Pω2 (X) is true if and only if mi ≤
1
2 at
all i = 1, ..., s.
Proof. By virue of construction every measure µ ∈ Pω
2
(X) represents in the view µ =
∑
1≤i,j≤s
mij
(
1
2δxi +
1
2δxj
)
. Since mij = mji, then we have µ =
s∑
i=1
∑
j
mij
2 δxi . Denote mi =
1
2
∑
j
mij , and by virtue of
∑
j
mij ≤
∑
1≤i,j≤s
mij = 1, we obtain mi ≤
1
2 for all i = 1, ..., s.
Let now µ =
s∑
i=1
miδxi ∈ Pω(X) and mi ≤
1
2 for all i = 1, ..., s. Fix a set {x1, ..., xk}.
Then points of the view 12δxi +
1
2δxj , i, j ∈ {1, ..., k} are vertices of convex set formed by
affine combinations
∑s
i=1miδxi Dirac measures δxi , and numbers mi, 0 ≤ mi ≤
1
2 , i = 1, ..., k,∑s
i=1mi = 1. Hence µ ∈ Pω2 (X). Claim 3 is proved.
Return now to proof Lemma 1. Thus a set Pω(X)\Pω
2
(X) is open in Pω(X) and Pf (X) ⊂
Pω(X)\Pω
2
(X). Let
m∑
i=1
αiδxi ∈ Pω2 (X). Then αi0 >
1
2 for some (a unique) i0 ∈ {1, ...,m}. We
will construct r : Pω(X)\Pω
2
(X)→ Pf (X) as follows
r
(
n∑
i=1
αiδxi
)
=


n
n+1 · δxi0 +
∑n
i=1,
i 6=i0
αi
(n+1)(1−αi0 )
δxi , at αi0 <
n
n+1 ;∑n
i=1 αiδxi , at αi0 >
n
n+1 .
It is easy to see that the map r is retraction. Lemma 1 is proved.
Theorem 3. Let X be an A(N)R-compact. Then Pf (X) is ANR-compact.
Proof. Let X be a neighbourhood retract of some compact Y , U be an open set in Y , such
that U ⊃ X and exist retraction r : U → X.
Consider open set
〈
U ; 12
〉
=
{
µ ∈ Pf (Y ) : µ(U) >
1
2
}
in Pf (Y ). It is evident that Pf (X) ⊂〈
U ; 12
〉
. Let ν ∈
〈
U ; 12
〉
⊂ Pf (Y ), ν =
∑n
i=1 niδyi ,
∑n
i=1 ni = 1, ni ≥ 0, i = 1, 2, ..., n, ni0 ≥
n
n+1 .
Then rxf (ν) = δyi0 . It is easy to check that yi0 ∈ U , and hence δyi0 ∈
〈
U ; 12
〉
. Put
rYU (ν) =

ni0 + ∑
yi∈Y \U
ni

 δyi0 + ∑
yi∈U
niδyi .
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It is obvious that rYU (ν) ∈ Pf (Y ) and suppr
Y
U (ν) ⊂ U . Besides, r
Y
U (ν) = ν for every measure
ν ∈ Pf (Y ) such that suppν ⊂ U . It is easy to establish that map r
Y
U (ν) :
〈
U ; 12
〉
→
〈
U ; 12
〉
is
continuous. Further, put
R
(
rYU (ν)
)
=

ni0 + ∑
yi∈Y \U
ni

 δr(yi0) +
∑
yi∈U
niδr(yi).
By construction inclusion R
(
rYU (ν)
)
∈ Pf (X) holds. The map R
〈
U ; 12
〉
→ Pf (X) is defined
correctly. Since the retraction r : U → X is continuous, then the map R is also continuous.
Obviously, that R
(
rYU (ν)
)
= ν for every measures ν ∈ Pf (X). Thus, R ◦ r
Y
U :
〈
U ; 12
〉
→ Pf (X)
is required retraction. So, the set Pf (X) is neighbourhood retract of the compact Pf (Y ).
Now using Lemma 1 and Theorem (3.1) (see [7]) completes the proof of Theorem 3.
On functorial language Theorem 3 looks as so:
Corollary 1. Functor Pf preserves ANR-compacts.
Theorem 3 and Proposition 1 imply the main result of the paper.
Corollary 2. Let X be a compact. Pf (X) ∈ ARN if and only if X ∈ ARN .
Further, Theorem 3 implies the following statements.
Corollary 3. Functor Pf preserves property of a compacts to be Q-manifold or Hilbert cube.
Corollary 4. Functor Pf preserves property of fibres of maps to be ANR-compact, compact
Q-manifold and Hilbert cube (finite sum of Hilbert cube).
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